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Many complex systems arising from the modeling of natural or artificial phenomena, even 
social sciences, involve many particles, or agents whose evolution might be aEected by 
the choice of a strategy, or as a consequence of belonging to a certain subgroup of 
agents, identified by a label. Studying these systems can help us understand these 
phenomena, make prediction and even account for rather general degrees of 
stochasticity.  
In this course, we will set up a powerful analytical framework to study these systems and 
see a few examples. This framework will allow us to perform the limit as the number of 
agents diverges to infinity, thus passing from the discrete, Lagrangian description to that 
of the density of agents with strategies. The advantage of this approach is to describing 
the evolution of a single quantity through a PDE, rather than following those of the 
individual agents. The typical limit PDE is a continuity equation for deterministic 
dynamics and a Fokker—Planck equation in case stochasticity is accounted for. 
 
The plan of the classes is the following: 

1. Introduction, setting of the problem, and standing hypotheses on the velocity 
vector fields for the agent variable (a point in the Euclidean space) and for the 
label variable (a probability measure). Typical dynamics included in this setting: 
deterministic vs stochastic, through the addition of the Brownian motion. 

2. A case study from evolutionary game theory: the spatially inhomogeneous 
replicator equation. Introduction to the classical replicator equation; addition of 
the spatial dependence; mean-field limit. 

3. Derivation of the replicator equation from the Moran process. Introduction to the 
Moran process; extension to multiple strategies; limit to the replicator equation 
in the weak selection regime. 
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