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1 Multiple zeta values and Euler’s reflection formula for the
gamma function

F9, # “Multiple zeta values and Euler’s reflection formula for the gamma function” [4] DOl %
X%, Riemann ¥ — X OEREZE L, BEOSTOMICHEH LAENRTHZ2ZHEY — X H
1
Clhisoooskr) = 3

O<my<m, 'm,’fl’m,2 ceemyT
WKCOWTEREITo /2. By <BROMEMAXr 6E 5N 2 ZEY — X EDBFRNA
o () ) ( o ¢(m) ) S 2
exp ———((n)a" | exp | — ™ =14 ) (=1)"¢(2,...,2)z""

%, Hoffman [2] 12 & o TEA 417z Hoffman AL

R. = (@ QN )
r=0
E WS B A THIFIR « D A% W THEREANCEEA L 72 O DL ISR 2 FHERTH 5.
EIE 1 (I.-Sakata, 2022). %3

o (71)n71, 2" | % ex _ o M’I’m _ = _1\n T2"
exp, (ZT["] > p*< Z o )71+Z( 1) [27—\/—2’]

n=2 m=2
PR, EOFRMBEHEIR R.[[2]] CBVTHILT 5. ST, exp, R exp, (f) = 50, L, /0
3 R, [[z]] TOEFRTH 5.

FEFE 113 Thara-Kaneko—Zagier [3] Offifl 1 TH X 5N TV ERORFILIGETH D, AiUIHA
BhEEHVARIHE 520 TH 5.
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2 On real zeros of the Hurwitz zeta function

Rz, FSZ “On real zeros of the Hurwitz zeta function” [5] OMEIgZ 8 2%. Riemann ¥ — & B D
—ALD—D>TH % Hurwitz ¥ — X B

((s,a) = Z

n=0

1
(n+a)s

(s=oc+it,c>1, 0<a<]l)
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WZOWT, ZOERFRICETMEREG 2. ZOMBIEEFH o > 1BV T D ILZH IR
L, s=1ToOfMZR\TEER IR I N 5.

Z OBBOERITOWTI, Spira (9] 1T & 2 EARMZRIEATHED D D, FEFERITOWTDH H HFEEDHI
ANBoNTWE. ((s,0) DERE,D, 0> 1 CBVWTERHERLZRVILZELICO,S. FALUL
TOHIPH 0 < 11TBVWTIE, EFRADFET 3 12D ORE L5755 Nakamura [7, 8], Matsusaka [6] I
& T Bernoulli ZIHRZAWTU RO L3560 TWS.

EE 2 (Matsusaka [6]). BEN > 01T L, ((s,a) BRXM (—N, =N + 1) KBV TEBRERDODD
REA M By (a)Byyi(a) <0 Zifi7z5 28 TH 2. 212, By(w)d nFHHEOD Bernoulli ZIHAK &
T5.

&2 Bernoulli ZIHE FIW TR XN ZHENE, ((s,a) DIEIEDTER T ORIRIED

Bn+l (a)
n+1

¢, Bernoulli ZHHREZH VW TREINZD2HTHS. Tz, ((s,a) DEFHO—EMHEICOW T Endo
Suzuki [1], Matusaka [6] 12 & o THIE SN TE 7.

((=n.a) = -

EIE 3 (Endo-Suzuki [1], Matusaka [6]). HEH N >5 N =010 L, By(a)Byti(a) <0 THIUZ, K
Ml (=N, =N + 1) IZBWT((s,a) DRRHME—=DFET 5. T, ZNOHORRBETOERTH 5.

Z DRI Endo-Suzuki 25 N = 0 D&%, Matusaka 25 N > 5 D¥HE%, THAZUT-o7%=. ThZ
TOMETIEL <N <4IINLT, EBABPFETIUEI—ETDH L ZEDREINTOERD o720, K
TIE SN2 TOXRBIINT 25EHZ 5 2 7.

EIE 4 (1., 2023). BER1 < N <41H L, By(a)Byii(a) <0 THIUZ, KM (=N, —N + 1) iZBW
T((s,a) DBFRBME—DFET 2. Tz, TNLOFRILTNOFERTH 5.

ZAUC & D, Hurwitz ¥ — XD ZEZE SH1E Riemann ¥ — X EB OGS L FARICE TN OELTH
5 AURENTZ. ZOREIIEEE, Endo Suzuki B WEFiEE —RIL L2 DD LT REMAS Z
LIZE DT/, 51, Matusaka DFIEEZHVD ZLICEL>TH N =4 DLEDARTIENTES
b ahoia.
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(1) LA T D flA

o I —, WIERADBN - FEERN
NARATHBESNTNS, NAREEEE I F—/UNBE Rt I F— 1B, 2hlls
12, BEZEY - XFERTSML, BEED X I RN IN TV I 0% 2 Z & MK
DEE L DR ZHTED=D LIz, %7, <R T7474/R—varvtkIF—DiEAN, 17
[H¥— 2 EFMREDOMEEN, JUNREITERGH 2024 OMEEANEITo 7.

o WHTUHER, ZEIRM
ER2ETOREK AN RRZX—HKX 1M, HEXEEK3MF), ENRETORKR 1T (KRx—
FHE UM, OEFELI6E) 21To7. £72, 8§ 150 M HARCERTUNTERFIZICBWT, 59 M
TNETFREEERRE, 8B 12 BNNETFRCEERZE L 2.

(2) HLRIEED RS

o WiZE/T8t e MG DEE
BEZEL T 5, 20005 %ED 5. —DHIC, 5 F TSN T & =R IEFRHM O Hurwitz
WRE# %, ZOFRKEICET 282 L TW5. ZOWREEED 572912 shifted log-sin 7%
AR L, Hurwitz IS 3 2BRICHHT X 7285 X — X 22ERBLN DG E DR 2w, =D
Hiz, Goldbach RIELDFHMEBGEHIIC DWW TIHZEE LTW5. BIESF TV 2R8I ¢ D58t
LTDATHBD, FEEMIELT, ¢ 21k LTEZLBEORTORRIIH L THERZE T
KRB LIZVWEEZTNS,
HEII5A &=y T
HAINHEEA Y R =22y PRENEFLLTNS. B FRICH B, 74— ZKFD Ram Murty
FEDOL ZAHIATEVEEZT VWS,
HEETY
AR T, EWOEELICERH LT, 7Y 720D zb0ET Y > 7 L LREHIE
RN R AT o7z, ZLOBEO 7 I EHELY I 2L —Y a3 YEITV, FilkE—20
RMEEE AW, ERNZRFHEE B 27 o 28R, SEAT8E), [k RT3 2 BN R
LEETHIBIROBKR T F V79 7 VORI AN Y T—> a VAN L, U E
VTHGIRE NI AT I IREMBIT VS e dbhh otz ZFORRE 2023 ERFIA YR
ERTHR L. ZOM%EE X5 10#ED T, MERITEE 1 FRoilE cigiisucz e, 4
YIPEEPEED LIE— iR L vw e B2 Tw 5.
e VR T FT7 A/ R—=YarkIS—
HLATHAE 2 FORA» S MEEA L 2D, INBREOTZFHHE L L THEALD, I 5 -0
DRI A 7 = B L2 D Lz, BEBEERCBVTY, SIS EIBonE, 20wt
TEHOREHEE LTIZ, I F—%2EWINCHELV. £, 237 =T &
21, ‘I I F—OWMEENET EHOTOE .
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A B (2MI122005K)
R T AT A R— a VHREN BRER

1 (ELEmXOBE

Spectral clustering (&, ERMA AWM EZICH LR T -2 %27 7 XAR )V Y 7T EFED—DTH 5.
Spectral clustering algorithm OFEFELRFFIC BT 3 BHEHFRIZ 20— 7 2 LG HUATIIDE L v & W S IRGE
Tfibd 2 e BEZWV. RIFFETIEHLSEATHNC allometric extension model Z1{RE L, “FEMBADEHE
RHIDEETOD spectral clustering algorithm %3 L 7z £ & @ misclassification probability 1ZX3 % FEil
3 bound %452 %. Allometric extension model 1%, 2 BHCBWT =0 DHSEATHIOHE —EH 2 FL 2
VIOEDFCARTH 2ET IV TH 5. TAEFRIC X D misclassification probability 23Xt & SN Iz & - THR
BEEBENCIRD T % 2 ¥ #RT. %72 allometric extension model IZ spectral clustering algorithm %35# M L
o EDART = Y AERBUIEEBIC LD ET 5

2 ELHmXOME[IT

BANC spectral clustering algorithm % i3 2 BHICH WSR2 ETFLEHNT 2. BOREL LT u %
nRTERZ PV, 0% PO =1) = P(6 = —1) = 1/2 &7 3 HRLH (Rademacher HERZR), g % T
20 THAHATIIN £y, gV 2G5 0 THORITIIN Sy % b OZERIEMDMITHE S HEREHRL T 5.

DY E n RUTHEREH X %
X =0p+g"” 1)

TERT . TN (1) 1F, BEMOFEEPBEMTIRALD 1/2 THIX—REE KDV, Spectral
clustering algorithm DOFEFEFMIZ LTV 2 BT, X1 = 3o = I, DIED H & TITON TV S (Abbe
et al., 2022; Cai and Zhang, 2018; Vershynin, 2018). L22L, ZZEMHICBVT X =3y =1, 2\
IEN, FHEDPH LW eAZ VW Ebh 3. Z 2T Kawamoto et al. (2023) & B0 T3 spectral
clustering algorithm DEFNLE LT Xy # Xy OHAERBTZ2ET LD —DTH % allometric extension
model ZRE L7z, RIFFEIE 2, = 3o = I, DRWENIR L7z DTH 5. Kawamoto et al. (2023) TIFFH
HBEAITE TV (1) I allometric extension model ZRE L7235E, 3> IA¥ A X e b 2BERE il
AL BATH O —EHEICHIET 2EE T M D p OFFNSED K Z & ZFH LT spectral clustering
DREZFHI L TV 5.

BT, Y TP A XPRRELLLTD, [|plls BRETIUE, FEAILDBATHI OB —EH @IS
FTREENRY ML p OFANSED K Z e A LCHHIE L TH Y, Kawamoto et al. (2023) Of§REZ IR L
TW3. XBICTFEPRHMOGEDIHI S 5 2 T\Wa. E2E 15 TIEFIC allometric extension model %
RGE L Cafai L TW A28, fUTitam 32 &K D IS B X D —RIRETANDIIREMEF LTV 3.
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3 FHER
FEOBREL LTIEAITH A IR LT, M(A) 1Z A D EFBHICKEOCERME, v (A) 1ZZAUSRIET 2 H
AARZ MERT. FREOEE m R LT, n ZOTBHIME X1, ..., X, 3ROHEEREEIHES DO LT %:

X, =0pu+g" (i=1,...,m).

7L 01, 0 id 0 0iid ar—2rL g g ixg® fort = —1,10iid a¥—rF5. ko<T
X, ., X 3 X 0iid av—2#k3. 28 N, (1, 21), Mu(—p, X2) 1 allometric extension BAFRZRIE
T2.0,3X,(i=1,....m)BEBLOFIBLTNEIHARLTVS. ZOLEEX,;|=0,fori=1,...,m
TH3. 1G9 0, DHEOEALTHATH S, %

1 m
Sm=— ; X, X,

TERL, X1,.... X & (71(Sm), Xi) OFFICE O 0EIF 5. —BMEERKDT (v1(Sm), pu) > 0 ZIREL Y
FARY ¥ I OREERMIE T 5.
KD Theorem 1 BEEFHDUVEDTH 5

Theorem 1. FH C, K, K,, ¢ i, m, n, p, L1, Tp WKBRWE L ey =14+ K/ /e B £ %
- Py 3 > 3 21 2

§ =min{ 2°/%¢, erﬁ(Mjl(ﬁ) CK? j+j 1),
m|ull3 llell3 Vi — m

22CK2 (2]|pll3 + M (1) + M () \/§+@
2[[ll3 + M(Z1) + M (B2) — (A2 (Z1) + A2 (X)) m ' m

TEHRTD. dL

&) \/(n - 1) maszl,z{/\g(Ej)}

0
[l

<a<l-

MEd

BT a € (0,1) BFET 7% 51F

2= 20|l
(2 +02) /max;—1 2{\ (%)}

MDD, 22T O(-) HFHEER RO DMK TH 2.

PO;(71(Sm), X;) <0) < ® < ) +2(4+e)e ™ fori=1,....,m

SN It (signal-to-noise ratio)n %
[
max;j=1 2{A1(3)}

TERT S (ZOBEIKTE n 1KET 2B TH2). (2) BT L&, m, n, p, T, T BREHET L
IR TE B

- 23/2 2 2 ) 2 2 1
min {20/%1 [ <CK2 <,/—" 4 ﬁ) + 1> 2320k (,/i + —”) (7 + 1) }
mn n m m m o m n

[ a 0 max;—1,2{\1(%;)} “a
Smm{a (n—1) . ])},\/ﬁ}'

HlaX]’:l’g{/\z (27

2
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Theorem 1 & b Corollary 2, Corollary 3 3% D 372, XD Corollary 2 1%, 7 5 ZA & U > 7 O—FED L
DILOFREFES X TS,

Corollary 2. %> 7% 4 X m &Rt n H

1
ogm 50

n

& m,n — oo TilzT & &, dL

1 2 . >
7max{17 n® max;—1 2{\2(%;)} ,logm} 50
m’ mnmax;—1»{\1(3;)}

A%
P <{ﬂ{91<71<s,,,,>,x1> > 0}} u {ﬂ{eim(sm),xa < 0}}> -1
i=1 i=1

KD Corollary 3 1& m HOBRED L > Tr 7 A XY ¥ XN EED e DUNICR 2R OFHi% 5 2 T
Wwa.

Corollary 3. ¢/p > 1 D ERXDAFERDMK D LD:

P (% min {2’": 1{0;(v1(Sm), Xi) < 0},2m:1{ei<"/1(sm)vxi> > 0}} < 5)

i=1 i=1

9 em
>1—e ™ (e—‘l)> —2(em +4)e™".
€

_1 (28 —20)||p]2 (26" —20)|p]2
P72 <q) < (2+62)\//\1(21)> +®< (2+62) A1(22)>> '

72l

BE K

Abbe, E., Fan, J., Wang, K. (2022). An ¢, theory of PCA and spectral clustering. Ann. Statist. 50, no.4,
2359-2385.

Cai, T. T., Zhang, A. (2018). Rate-optimal perturbation bounds for singular subspaces with applications
to high-dimensional statistics. Ann. Statist. 46, no.1, 60-89.
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SEROMELH L IFLHIXDESE

BT, spectral clustering algorithm (ZB83 2892217\, B 5 % 7 % 2 b CBEERZE O #i 7 %
U TEITHEH A OV TOR R Z 152, 3R T, B omEEfR ci oM 2 E2 LT, @R
TR E ORI R EHREARL TVELVEEZTVE. B OSHROFEL LTRD 3 003D 5:

e Allometric extension model DILE:

Allometric extension model DEREDFITDED XY )L OIE DFEF
o AR ¥ DFHliDKEE

BLRMLTIT o2 FAX Y ¥ ZOFMIEEL & 3 2 L — a ¥ ORRE LK
o RE T %5310 DHLIk:

Sub-gaussian 73172 &

F MR R R o TV A EE LT, KD 20035 5:

o NI X—RDELNEFNLDINT X —ZHEE
o EILT — RIZBI B EABATHI OHEE
RIRX—=ZDZVETFMCHE LT, —LEE T, BEEE 7L, IBEDHE TR EICHEEZ - Tun
2. HOHATHIOHEE B LTk, AL EITH 2 3B 2 LBdTH oM EREIRE L, ZoHEROEHE
ZHGET 5 2 Ik R R o TV, T, HOBITAIOHEERZ IS LT, EHOoEITHoERERF N2 hL
% F7z spectral clustering 72 ¥ D27 52XV ¥ Z7EITOWT b ifam L7200,
BOERIFET ) Y 2I2BWTE, RERELDF 4 A A v a v RBUTHEZMEZER L, N4 XHFH#
D7 T —FTMO AN EEZTVS.

HEBE A o E =22y TADRE

FRIE, MEHFOMZEMIC E LW E A TE D, MatF LD BT 2 Al Az R 2 72D I1HT
ZEREBE, KRR A v &= oy TRTET 5. BRI A 2= vy ROV TE, lh—Fo
KR Z A L, MAT L2 W e EATVS.
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BHAFRIANY MMIET 388

BBUAEREA N> b OHIT BRI AKX F 4 7k — T OTEICRIIC BN L, $ErH & SRR MG
BRBEMAL VL EL TS, ELHAFLUO NI Bk B D, B4 <Y MBML 70 L LT
W3,
tIF—, HRESANOBNMRE, AERKKR

o JUNKZERERY: £ 3 I — L JUNKZEEEBOREN 2 3 - — BB S L 7.
o Ecosta2023 & fiatBdiss s E ke 2023 THERERE L.
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Trisection &, HiETHIE S Nz 4 RITHZAREZ 3 DD 4 K0 1Y RARICHET 282 TH D,
Gay-Kirby [2] 12 & o CEFRS A, Trisection 1&, HHETH E D1 57z 3 RITHZRAZ 2 5D 3 X7T 1-
NV RIS 5 Heegaard splitting @ 4 JOTTOHLUI L o TW5. #IFETHIZ DT b/ 4 K0T
BAZARIRIZH T trisection 2D Z ¥ 2% Gay-Kirby [2] 12 & » TREN TV S5, trisection % BRI HEK
T3 LA TR, Z LT, PAE & Z O PAli Lo 2 # o BMPHEIHRZREIC X - T Heegaard splitting
% 7% 3 Heegaard diagram O X 512, BAMhI & Z OBl Lo 3 1o BATEHEFREIC & - T trisection %%
¥ trisection diagram % 7[R XANC CTER SNz, SN, FC 2 2OMEOERE LTo 4 Xt%
FRIRICEH L, ZO trisection ¥ trisection diagram OFERICE D #HA . 2 DOHEEIOERTH 5, 4 X
TCRAZARIA D trisection 12DV TIE, Williams [3] 12Xk o T, Z O trisection DMENG 2 b7z, 51,
Z DRETRIC & » T S 7z trisection % £ T trisection diagram %3k 2 712V XA hiz. B+
A PNICT, Williams OFER L FEH, Z L TEMKFNICOWTIBANA L. £72, trisection & [AREIC, ZETHRW
HSRER 2RO L O, ETHEST SN a v 8y b A RTTEREE 3 D0 4 KT 1N Uiy
fif# 3 % relative trisection 2% Castro-Gay-Pinzén-Caicedo [1] IZ & o TERINTWS. trisection & [Alfk
2, FDA YT b 4 TICERRIRIZH I relative trisection %152 Z ¥ A% Castro-Gay-Pinzén-Caicedo [1] 1<
Ko TURINTWV SR, BARNAMBIEAES TdRV. BHimXom%Tid, Filhme SR a8 Ml
DO EMEZ IR D relative trisection IZDWTDEL, Z LT, ZO@EFFERICONVTIRNT.

LRI T ORI E Lo TV 5.

BRI, Bl oMEe#FcH 5.

2 #3X, Williams OFEREBNT 2 7-DICRERBEEEHEM L2, XD, m Zoen>Y Fb, ZLT,
B g D m KIT 1-NY FARIZOWTERL, BRFIZHIRLE. XiC, 3 XSGR TEERETH
%, #HfE»OmMEO SNl 3 RICHAZEEIEE 2 DO g © 3 RIC 1-N Y FIUKICH RS % Heegaard
splitting &, Z® Heegaard siplitting 2 g OEREH DM & (I ATRERPARITE X, £ 2D Lo 2fD g A&
O HHPAM R R TR TR g © Heegaard diagram 2/ E# L7z, %72, fl g ® Heegaard splitting i3,
2 ODFE g D 3 KTT 1Y FARDIER 53235 3 KT 1-N Y FARDEFERTH - T, ZHUIFE g D
] E I ATREZ2 PR X, (Heegaard surface ¥ I-5) 725 TWw5. Z® Heegaard surface O %
H°F stabilize 2 EF L. ZALEER LRI, 4 KICHZHEKE 3 DO E D 4 Kt 1-N> v
HRnfRL, zhooEHS 2 g OFE & 722 T3 (g, k)-trisection(#1Z trisection & dFR)
&, Z 0 trisection 2R g DG OM E I A HER M 2D Lo 3D g ADHEKEAMERETER T
(g, k)-trisection diagram(H.i trisection diagram & LX) ZEFK L7z, ZhnlFZn2h, Heegaard
splitting & Heegaard diagram ® 4 XL TOM LB TH 2. 5 2 HORHKLTIE, 2 THRWVEERERZ
Fo k57, HERTHEDTbNizar Ry s 4 ISR E 3 DO/ k @ 4 KT 1-NY RAUKIC oS %
(g, k; p, b)-trisection(relative trisection & HIFER) ZE&E L7z, (g, k;p,b)-trisection 1%, 3 2D 4 Xt 1-
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N RRDIEER 3SR % b 8D O X S i e E MR RER a Lo Ml S, , 5. F,
A RTCEARE DT & 2 DD 4 RIT 1Y Pk 0@ S, 7%, (g, k; p,b)-trisection 1&, 4
DD g, k,p > 0,b> 0 BFEX

p+b-1<k<g+p+b—1 (1)

EiTe T REND B

%3 ®TIX, Williams 12X 2 2 DO S, & ©), L OBEMTH 2 4 KITHZREIK S x ), O trisection
DB ERRIE L, 20D ((29 + 1)(2h + 1) + 1,29 + 2h)-trisection TH 2 Z & DFEADFAMNI DWW TR
N7z, ZL7T, ZO trisection #% 3 trisection diagram %K % 713V X 4% Williams 12 & o TIREX
N, 7LV XL Ko THELND DHZ D trisection KT trisection diagram TH 2 Z & DFEIHDFEHM
IZDOWTIRTz, 2Dk, Z® Williams D7 L3 X LIH0E-> T, FEBIW L D50 trisection diagram %
BRI LTET .

HAETE, B S, MY Ea >y VT S, QBT 5, BT Ea 287 b 4 0TZ K
Sy X Sp1 D relative trisection ICOWTHEE L 7. Willlams @ X, x ¥), O trisection O BRI 2k &
WEIERBEICLT, Sy X Sp1 B 32D 4ARKIT 1Y RMEICHRT 2222525, g=h =0 D5HEE,
Castro-Gay—Pinzén-Caicedo [1] 23EMAfHlE LTEFHLNATED, g > 0,h =0 DHEE, FEX (1) Zilik
T, ZOREMTI relative trisection 1272 5748\ Z ¥ A Williams 3] ICXk o TERINTWS. ZZ
T, FAlZ, g=0,h >0 DFBICOVWTEEL, BohRHEREBN L. ZOHED 320D 4 KT 1-1
¥ RMEANDIRIE, REX (1) DD IO Z e hodz. L L, EBICZ DD g x Xp, 1 D relative
trisection ¥ 2 0NEE 12D o TWRWV. B 4 HORKRIZ, TONMEH Sy x X1 O relative trisection &
o TWaD, ZLT, g>0,h>00DEEICE, x 31 @ relative trisection % BRI D X 5 1R
5 DhESHROFEL LTHRIF.

BE K

[1] N. Castro, D. Gay, J. Pinzén-Caicedo, Diagrams for relative trisections, Pacific J. Math. 294 (2018),
275-305.

[2] D. Gay and R. Kirby, Trisecting 4-manifolds, Geom. Topol. 20 (2016), 3097-3132.

[3] M. Williams, Trisections of flat surface bundles over surfaces, PhD thesis, The University of
Nebraska—Lincoln, 2020.
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BB T, WkERONTHEILT5.
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LROBINMTOVTIE, EBUL b Ru Y —DffFEINCSML, BEL T 3 AFEIC DWW TIIGHEE
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HMENTW S, PFETLVOHAEE ETHLI LN 6] ITLo>TRINTWE. R, 2O—ROMEIRE U, 1%, K
TR © 2EMSE2 2 L1k D, (1,070 (2)) 12(g) > 0 £% D T EDRINT D, 2 TTRHSCTIE, HEHEY
HER A L COETHIENE L 72 SRR B O 2RI I D W TR . SRR O ZE D L2 o O 5] T T
IZHIE T2, —J), BRI D 2B ETED T2 & OFHlli IR 72 2 ST iedr o o KisCTld, T2 5 OFHli % £
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BT, RTED FIFIIRE L 1%, T b BRI S[6, 0,¢] BT 2 RED%3, FUZRIREE 0) 252 OMFEZ 15 &
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Background and Main Theorems

The n-configuration space C,(X) of a space X is the subspace of the n-fold product space X"
defined by

Co(X) ={(z1,-. ., 20) € X2 # ;i i # j}.

The symmetric group 3, acts on C,(X) freely by permuting coordinates. The unordered n-
configuration space is the orbit space B, (X) = C,(X)/X,. In general, given an action of a group
G on a space X, the singular chain complex of X inherits the G-action. Then H;(X;R) and
H(X; R) become a module over the group ring R[G] where R is a ring with unity.

The homology groups of the unordered configuration spaces B, (M) of a manifold M are studied
by Bodigheimer, Cohen and Taylor in [1]. And this result is generalised by Chen and Zhang in
[2]. By their works, the Betti numbers of H;(B,(M); k) are almost determined where k is a prime
field.

The cohomology algebra of unordered configuration spaces over closed manifolds was computed
by Félix and Tanré in [3] with coefficients Q and F,. For the B,(T?), Pagaria computed its
cohomology ring structure in [5]. However, in all these papers, the characteristics of the coefficient
fields are required to be zero or greater than the number of coordinates of configurations.

The main result of this paper is the description of the Fy[¥5]-module structure of the cohomol-
ogy groups H'(Cy(T%);Fy) for d > 2. The point of this study is that the characteristic of the field
Fy divides the order of 3. In general, any representation of a finite group G over a finite dimen-
sional k-vector space V' is completely reducible unless the characteristic of k divides the order of
G. However, without the assumption, the representation become more complicated in general.

Theorem 1.1 The representation of $a over H{(Cy(T?); Fy) is decomposed as following:
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Ff(i) @ Fo[ 2] 82 (Ti=o () (:5)- (1)) ifi =2k < d,

Fy[ ] ®2 Zi=0 (5) (%) ifi=2k+1<d,
H'(Cy(T?); Fy) = F;B(Z)+(7fd) @ Fo[0,]®2 (Timo (VL) -(D)-(20)  jra<i=2k<2d,

Ff(zfd) @ Fy[5,]#2 (Zi=0 (D (:24) () -(2) fd<i=2%k+1<2d,

0 ifi>2d.
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As a one of the additional results, we can determine the Fy[Yy]-module structure of H(By(T?); Fy)
for d = 2,3 by computing the Serre spectral sequence of the Borel construction

Co(T?) — Co(T?) xy, EXy — BY,.

Since the action of Xy on Cy(T?) is free, there is canonical homotopy equivalence Co(T%) x5, EXy —
By(T?). Hence, we obtain the homotopy fibration

Co(T?) — By(T?) — BY,. (1.0.1)

Notice that the first map is the quotient map by the ¥y action, and the classifying space B, is
the projective space RP*. By computing the Serre spectral sequence of the homotopy fibration
1.0.1, we obtain the following result.

Theorem 1.2 We identify H*(RP>;Fy) = Fyla]. When d = 2,3, there are isomorphisms of
Fy[a]-modules

H*(By(T?); Fa) = Fylal/(a®) @& (B7_,Faun ;) & Faugy & (&7, Falal/(a®)x,),
H*(By(T?); Fa) = Fala]/(a) & (8-, Faus ;) & (8-, Faus ;) & (&_,Fafa]/(a®)zs5)
D (@?ZlFQU&j) D (@?:1]172’!1,47]‘) D (@?ZIFQ[O&]/(QQ):LQW)

where u; ; and x;; are elements with degree .

To determine the module structure for the case of d = 3, we use the following result:
Theorem 1.3 For any d > 2, the Stiefel-Whitney height of the Zy-bundle Co(T?) — By(T?) is
exactly d. Here the Stiefel-Whitney height of a Zo-bundle is the mazimal integer i such that o # 0
where « is the first Stiefel-Whitney class of the bundle.

The Stiefel-Whitney height of a manifold M is an interesting invariant since it is related to the
minimal dimension n such that a triangulated skeleton of M can be embedded in R™ (see [4]).
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& configuration space &GN 2HI THAL S DI, May OIS ([1]) & Segal DFFTE ([2]) 23D 5.
INBHOMEICE D, X D n E (reduced) suspension S"X O n — 1 HL—FZEMH Q15" X &, WLz
configuration space &, ZH0 SRR E N2 H SNHHE/ A4 FOEHZEM L A€ P E—FEHICRD, Q"S"X
1% labeled configuration space £ FHEH 5. X L0 configuration space DZFE Y RE b ¥ —[FAfEHICH S Z
EORENT WD, BIfEIEX. FFIC configuration space ¥ ZHE L — M OBIEICEIESH D, SR LIES
L (2) ¥ (3) KHOWTHD AL S, SIEHREANTHELNE /- oTNS,

(2) DWW TiE, FAOBLIRXDOBERO—RILERKZ DD TH 3, BLFHLTIE dXTDO b —F 2 LD
2-configuration space & 2 7zo  —MICZHRIR L M @ configuration space 226, £D 1 {5 %xE 15 25
B3 fibration 12725 T EDHI BN T WS, ZDT7 7 A N—=E M\« THDH, IO fibration IZDWT Serre
ARY MVRINEE Z B T LT WY IRZRRAE M 120 LT, 2-configuration space D AREBTY —1F M D
AREVT—DHRETELLEITNS, ZITHRONLAREZD LI, HHM M xM OarEay -t
H#% 32 Z & T, 2-configuration space D AHRER I — LETOD Xy ORBDGFHEHTE 2 Z e hifFEh 2,
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EWSTET B8 L WwHMERpVER I NS . LHALE OBUIEFEACE O B HME 2 WS HEE ORI B W
THEHERDZN, THE—MIC 2 KT (EMHES) O5EICE LTI IZL A LRI TWARY., 22 TEL
T, BEDDL > TOWRVWEDD S5, H5EKRTRGHEHELHITH 2 By MDD 2 JOTZEEEICOWVWT,
WL ODDBEIINR T MO 2 TIMBE O K ZIIRINCE 2, ZHUIHE > TW L D9 DR E X
NEFER L. 5B, SEOBLHSOIAHEERY: OEHFREET & OHLFETE 2] 1t b0 TH 5.

1 EBEEXmX0OFLDH, SEROERICEAT S TR

ELHRTT B 2 EHREE R T LDRmIC, SROBIICOWTE NS, Mk, K2 @80T
BHBEE L, | JOTRTPEREICOWT S % | ZREEAB S = Koy, 29, 2], Der(S) % S O MEEL
T3, RBBIEFHTCSE51C, (=208 %13 S =Kz,y] L RETZZLICT 3.

EE 1.1 (ZERE). | T@ETHEEE A = {H,Ha, ... . H,} LT, B8fm : A — Zog & A
roBEEEL WY, BYHAE L EEEL OM (A m) 2ZEEREBL IR, B, EEE m LT,
m(H;) =m; € Zaog DX E m = (my,ma,...,my) € 295 LRI, SHKEB/EOME |m| = > m;
T, EBZER Q= QA m) & QA m) = [N a,m™ TEHT 5.

EE 1.2, | JOTEERE (A m) CH LT, REHAY MLEORTIES D(A,m) = {0 € Dex(S) |
Vi,0(am,) € oS} TERT 5. D(A,m) 3XEA & SH#ETHD, Shte LTHE I TH%. D(A,m)
PHHO L EZEAE (A,m) ZBHETH 2 LW, ZOrE D(Am) D S MEEL L TORESEFIICHN
ZZeHIENTOVS. 2O I HOBERIEED IO % IEE exp(A,m) L EFET 5.

FZ 2 RZEREIHICHATH 2 ZeHHILNTED, 52 RLEERBEOEBEIET S Z 21k
TR DAZRET 2 2 LAERZ L 3> TWd. 22T, 2 XL ERE (A, m) KOWTREEHRT 5.

EE 1.3. exp(A,m) = (e1,e0) DEE, IBDEZ |exp(A,m)| = |e; — ey TEHET 5.

HEEICE LT, LURD X 512 balanced, not balanced ¥ \» 5 HER SR H D, FHIC not balanced 72 EH
EE DD 2 Rt L EALEICHE L THEEA ERICRE SN T WS 20, KR TIX balanced 72 % EELE D15
BOREZOWTDOAEZS.
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EE 1.4, BEEE m = (m1,ma,...,my,) OWVT, fEED i ICHLTm; < |m|—m; BEDIOL E, miZ
balanced TH 2 ¥\ . KKINZ, balanced T WK% not balanced ¥\ .

EIE 1.5 ([1]). A ZEBL DK D 2 RIER 7 P AVEMBORRE, m % A LD balanced %EBEEY T 5.
ZorE, LEHAE (A m) DFRBOER A -2 Tk,
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%16 A% A =4 ZhIHELT 2. ZOL X balanced B ZERLE (A, m) IZOWT, |exp(A,m)| <
Al —2=2%oT,

[ 0FERF2 (Jm|e2Z)
|exp(A,m)| = { 1 (Im| € 2Z + 1).
AWETE, |A|l =4 ZilETEEOS BROMETHZ L ELLNS, QA) = zy(x —y)(z +y) THX
NBEE (B, DAY —FB) KK, IEROBEICOVWTEE L.
B0 FMRO—HEL LT, UFOFRBH 7.

R L7 (BRSBTS 2 EEMOR). balanced REHEE m = (m1,ma, m3,mq) B |m| € 2Z,|ma — mq| >
my —mg > 0 Ziiifed & &, EROZICE L TR D L.

(1) my =m3 DEZE,
(a) m1,me € 2Z + 1 22D |m| € 4Z 72 51F, FEROEIT2 5.
(b) (a) DD T e B, FEBDEIZO L5,
(2) mi=m3+10DEXE,
(2) RO 0 L 55 3.
(8) ma=mz+2DLE,
(a) mi,ma € 2Z+ 172 51F, HEBDEZ0 2485,

ZAUCEIE LT, Mo PRZET 2. BRNT, REROEINIAR LI0DFEHD AL Ko 7.
FH1.8. R LTERAICREDS & T, KD ILD.

(3) mg=mz+20DC %,
(b) my,mo € 2Z HD |m| € 4Z 72 51X, FHRDEIFZ 0 Lk 5.
(¢c) mi,mo € 2Z 2> |m| € 4Z 42 7% 51X, 1EBDEIX 0 L5,
(4) my=m3+3DLE,
(a) my € 2Z,mo € 2Z 4 1 22D |m| € 4Z + 2 72 513,
4(mg + 1) (m3z +2) # (m1 +ma + 2m3 + 3)(m1 — ma + 2m3 + 3) <= FERDEIZ O,
4(mg + 1)(m3 +2) = (m1 + ma + 2m3 + 3)(m1 — ma + 2mg + 3) < RO 2.
(b) my € 2Z,my € 2Z + 1 5D |m| € 4Z 72513, ERDEIZ 0 L85,

EE 1.9, ZOFHIE, |my—m3| <3 DL EORBMPIRETE S, LWVWIFEERRTVS.

AR 1.10. balanced B EEE m = (m1, ma, mz, m3), |m| € 4Z, m1,ma € 2Z + 11X LT,

d—m,

3 d (Zi — 1)” . B d_ngm‘ (d* mz+m1)!
iz:% (27) ’ (26 — mo)!! (d—2i—m+ 2»"!1771 =2 ’ (d—mgy — ml)Q!!(d — mo)!! (d—mi+ 2))%
BENW

(1] Takuro Abe, Chambers of 2-affine arrangements and freeness of 3-arrangements, J. Algebraic Combin.
38 (2013), no. 1, 65-78. MR 3070120

[2] Shota Maehara and Yasuhide Numata, Explicit description of a basis for derivations of a Coxeter
multiarrangement of type Bo, 2023, arXiv:2312.06356.
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K707 Z KB 2 5H 3FEMOIEFOT5 A & F5E H S

A FFA (2MI122006T)
R T FT A4 N— a VERENT YR

FEHE  EA &L, HAIX &2 — P E Ek
N5 R

1. SHOWIL T e IR XD BEICOWT

SHOMFESEHTOVWT, —DIMELFR TR ONMEROIRE 22 P LT, BHmEs-TH
18 2HYET. ZD5H, FIT (4)-(a) EEACE L THOHHVWHEEL L EZXTCVET. KA3A
I RIRKRFATT By MOBLEICRHE L 7R b N2 2 Y, fafuc W T oz ED 5 Z
LIZEETHILIEEZET.

ZO1DE LRI O—2BD 77 v LT, SHEHOELML THER L LNRICBT 28OS
WEEXHET, WO 0rHh £3. BUATIE, BEEE m = (m1,ma,ms,my) D5, min{|ms —
mal, |ma —ms|} AL IR RN THHL L, FLERBLYD 2 L IFEVWEWT T, HEH
DN 2 TH ZEEEITH ZRETCEGREIIEBDOEN 0 23 Fr 0o EHLH D, Lized
NEFHEONW, D TERNTIEAMARERICE > THETER (4)-() BKERE D22 DK
HERLLEFELTOWET.

BBELEAA, TOTHETDAVE2—XICEDFRELTOLMREEHT 2 Z i3I DTS
D, REPA @R THAEMIER TOWIRWEFNIEREE-RNX 1.10 DAL RoTVET

2. HAHRILA &=y FADELIZOWT
FELVERZ B IRE o TOERAD, BEHE LTHDOMIEL TW A 0BHOE T I
JE XN TV S Max Wakefield Je4237EFE X LT W % The United States Naval Academy T L D
HfZRTEL, 2 WS 0RBEREEZTVET. Wakefield 84 ¥ 1340 5 €ERE 12 ISR T
HONFRERCT, FEBEEOHN S Do TBHEIETHL 22K, H2EMOIHOERIC
Wakefield JEEA T WA TR — O L BEEB OISHPVEICHN T 2 2 L sk, Fics
[\l H 3 2MELFR LT > 7 RICOVTIE my = ms DHEEXZDOFIETHAMHTER, R v
FHOBHEEZ I ETHEL ZeAHKELE.
3. HBKEREA N MBI A1
FAED SCGW TIIFR R 6 —HHARIBINT 3 Z e UKL P> 72DTTH, HEDBEHDOMED, -
AT DSHE - BEE BHID EWVICHKR D Z e DPHEKZDT, 25 Vo RMETHHENARY bR 5T
BORZEELUE L. BEERICEE LRI, BICEF Y v ZRIE 2 L TR S #TH,
J2ZBIZOWT, YA T 47 A4 I RN—=Yarh 7 N0 ERKERED A XY MR YT
RETIHEPELAIUERVE B> TVET.
4. kI F—, WIERESAOSIIRM, FFEREIRN

(a) FEEDHD :
o ZIEAKCAE I F— (JUNKRY:, H8E)
o Hyperplane arrangements 2023 (K%, [5H)
o 5 28 [A| I AFEANE L REMHE R (RS, RRAX—)
(b) SBROFETE -
o 5520 MIECHREHE FIRES (ALEERY:, N - TE)
o Multiarrangements of type Ba and related topics( KFRA:, HHH - FiE)
o FPSAC 2024(Ruhr-Universitit Bochum( K £ ), ¥ + TiE)
(c) Zofth, HEEDA @ FEARY, BERESFHRYE, FPT University(«N b 24), KBRS 2 e
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A fiiik

Bt EE
i fiik (2MI122002R)
RR T HT A R= 3 VEREN BORER W LRTHIETE 2 4
FREHE I BN B, HAIX & — IR KR #d%
A1 5 AR

FOBELHRETOMFEE R TR 2RO IEHS L B S 1o historic behaviour) T#%. Historic
behaviour ZF O DEELNN—ZHUEIEL 722 Z 21X EROIEMME LB BEHELTWS., 22T, K
W TIRZERNCIEN N I )R D EE IR E T VTS % blender IZIEH LR 21T o 72.

J1%5R0& 1800 FAUERNIT Poincaré 12 & o T, MO AR ZRAFEREL WS B s Bt S hind 7.
Poincaré % Birkhoff 12 & » T, JI%RZEWEMTHANRDZ L WS HRAMED &, I oIRE L HED
TERMEE RELS TS B2 ZonlF e Rof. ZHUE, 2 DDOIERDVEMRNCHE U & W 5 BE R ENEZ
ERL, NFREROEEEEZ B L VI BDTH- 7. FEREEL VIHLOWHAPEA IR T
D XS BIVERDPBERERDD? 1 LWHREIEEH, 20ROV RIEHERESSHBI L E5
P57z, Smale FIHHEREMHIMEDSERL TV L Bk E, WHHRESHEAIb TP 10 FI1F
T, WA RFERIIAMICHREL TV o2, [9]

1960 EROEBERHMBEO—o v LT, MELERRIMFEL L WS bDDDH o . 2 THE—RXITO
WA FEAHBERICOWTIZR D 2R e BT b otz ZORBEEDOKEI L THAZ DD, Newhouse
BRETH%. Newhouse[7] 3XMIUES DLEZ AR & ALEZHEHIBRIL TR TR VDD (hEY
V= ZHE) R L, REZ Y=y ZEMEH S C? MAFHEGBROEENORES ETEREZ V=Y
ZEfIA IR N Z ¥ 2R L7z, Newhouse BIRIZ 2 JOTH AR TH 2. 3 Koth L& TId Bonatti &
Diaz[2] 12 & - T blender 23 A X#17z. Bonatti ¥ Diaz[3] i blender Z VT, »% C! My FMEEGOE
BHNOBES ETIEREZ Y = ZHEIS NI N e BR L.

FEX I 72 1125 L BT 256 & LT, Ruelle[8] 12 & » TEA X417z historic behaviour &\ 5 #E&23%H
5. fERayRy )RR M _EOMEBERY 5. Mo € M A historic behaviour 22 1%, Birkhoff
SEEPFEELRNZ E, DFD

1 n
n+1 Z 6fl(z)
=0

B35« (IAHT n — oo TPCRLARWZ 2%\ 5. Historic behaviour ZFf 0 DHEAX, Birkhoff @ =1 a—
FEMIDEEOAZRE p LU THIEO 222, LirL, AR—=ZHEZBICEAEHETIZRVD
T, %< O historic behaviour ZFORTREMIFIE I T W 5. Takens[10] ZXDREZ R L 72.

Takens’ Last Problem ([10]). Historic behaviour 20 DEEDNR— 7 BEIETDH 2 & 5 2 1%%
DRV Z RIFIFET D7D ?

ZZTEDS NEWZ 72 W3R ERIZL L, DIMEEOTTIHELREDESS residual HERE %
KL TW5. ZORBITNS 2 HER LA NZEEF e Newhouse BIRAVE & 2 FiltE & % AT
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KREME 6] ICkoTHERA BN, fITuhF 2/ NZEERIR 2 13, 22 TRVERSRBES D TU ROt
EiilzzTd o

o fEED i, j >0 (i # j) KMLT, fi(D)N fI(D) = 0.
o fi(D) DEED i — oo TOIUILRT 5.

FE 1 (6]). i oW FHEEROEED Newhouse LR Z 2 C7 BFAKS (2 <7 < oo) PICHIE2EE
DEEDFEL, ZOTOEREDSFRIZ historic THINY BT Z 7.

ZOREFRIZ 2 RILTH %728, Newhouse HHRDIEL Z 2 C" FEAIE r =2 T TLH LRV, ZD7H
I3 XItLL L Tld Takens’ Last Problem O EMAIFE%E C FIEATHEON 2?1 L WHREMMEZH
5. MARE RIS B XD Z L ERLT.

EIHE 2 ([5]). »2 blender ZFiD 3 KITLDMAFMHER frns ICDWVT, fins DIFED CTEHEU (1 <1 < c0)
MDD B 2 W FHER g € U 1A/ 723 E SN O ER D 52T historic behaviour Z#§0.

TER 2 I EENRET VSN T 2R TH S, ZOMBEIDIENT TR, DFhH H3HEE LOWERE
DEBIWIIRTE, M2 L AROWEZ T I e TPHEINS. 2 TR TIE, EH 2 OfERIC ALY
FROIDAT v T LTRDZ L "R LI,

FEE. M2 TEBRINIMDFAMES fins 2EDREZ Y =y ZHMOIBRILRFIED 1 85 X — X1
{fu} DFAEL T, p AETHOHED /b T 4ug, % f, OFEEO CT 5 U (1 < r < oc0) WO B 2571
MHE g € U /72 EREIRN OAEE O 5T historic behaviour Z4§2.

WA MG frns ERDO XS WCEFRENZ. BN EE B = (0,12 2L, BHNOBELK V,,V, &
Vo =[0,A71 x[0,1]2, V; = [1 = A;L 1] x [0,1]2 £ F 2. RFMIFEHEER fins : B — R 2RD X5 IE
#T5.

(A, Ass¥s Aeso) (z,y,2) € Vo

Jinsltoo2) = {(Au(l —) 1= Ay Az +B) (2,9,2) €V,

AFFETI frns ICRTA =R p ZRD XS IMAT. EHOE0<5< 3 -\ ZilieTbor T 5. HAL
SHEEBHNOELEG Z2 G =B\ (VouVy) 2L, {=1/2YNG D § it Us NDHIRD (x,y,2) € Us 12
LT,

1 1

1 1 1
I,y 2) = (a1 (z — 5)2 +agz +p, az(y - 5) +5 as(x — 5) + 5)

35, ZOFEME, EH2 OMHAEEHVS I TRTIEATES. £T, £, OHER 0,1 OS5
ERWTEY. ETERLE Us Lo 2 TES 2 e THRATHEMNTAAANEDS. 22 ThoHE

B Us ANES X2 ICHEZ 5 £ S MIT 5. MR L 229U 0 RC S5 O HhCRISE & 23i/MY, %7z historic %
behaviour 2279 DL EFNDEEEMENS 2L 2R 2 L CEEMOMREZE 2 2 e AT, S
S
(1] P. Berger and S. Biebler, Emergence of wandering stable components, J. Amer. Math. Soc. 36 (2023),
no.2, 397-482.

(2] C. Bonatti and L. J. Dfaz, Persistent nonhyperbolic transitive diffeomorphisms, Ann. of Math. (2)
143 (1996), n0.2, 357-396.
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[3] C. Bonatti and L. J. Diaz, Abundance of C'*-robust homoclinic tangencies, Trans. Amer. Math. Soc.
364 (2012), no.10, 5111-5148.
[4] S. Kiriki, Y. Nakano, and T. Soma, Emergence via non-existence of averages, Adv. Math. 400 (2022),
Paper No. 108254.
[5] S. Kiriki, Y. Nakano, and T. Soma, Historic and physical wandering domains for wild blender-
horseshoes, Nonlinearity 36 (2023), no.8, 4007-4033.
[6] S. Kiriki, and T. Soma, Takens’ last problem and existence of non-trivial wandering domains, Adv.
Math. 306 (2017), 524-588.
[7] S. Newhouse, The abundance of wild hyperbolic sets and nonsmooth stable sets for diffeomorphisms,
Tnst. Hautes Etudes Sci. Publ. Math. (1979), 50, 101-151.
[8] D. Ruelle, Historical behaviour in smooth dynamical systems, pp. 63-66, Inst. Phys., Bristol, 2001.
9] = BER, Py ¥R OEME L Z OFEY, https://www2.math.kyushu-u.ac.jp/~snii/
seminar.html
[10] F. Takens, Orbits with historic behaviour, or non-existence of averages, Nonlinearity 21 (2008), no.3,
T33-T36.
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K707 Z MBI 551 3 EROTER D J71A & 2 R

A ik (2MI22002R)
R T AT A4 R—a VHERNT BERER EATHIRE 2 4
TREHE LI IEA 2%, HAIX > & — D ROR RRR Bi%
SR 5 AR

SBROMERLHERE

SHOMSES e ELL LT, BLnXEEOEM 2 OREH 2 HES LORERETEENOIIRE
FlEEMDMAATHL . FEM 2 OFERED r = co,w THD O E I »BIFFLL TV L. MALHEE
(2017) DFERIE Berger & Biebler(2023) 12 &k o T C® B kU C¥ fuctigkdhiz. ko T3 X Lo
BTHEBROERIBONS Z e MRS 5. £z, historic behaviour DM X 2% emergence & W5
LRI L WBER D B 2. AU ROFGTTHR 2 B % 5 2K ¢ TS 3 DI E R iERIE 0 ¥x
H2BHDTHY, historic behaviour DIFFLICH =R ERMMEEZ G Z 2d DR oTW5S., filARKE e
55 (2022), Berger ¥ Biebler(2023) Tl& 2 OB EICHRELGZTED, 3 XTTU LOHAER, 2 XTDH
BLITESEHINBND Z e N THENL D, BRVE SR 2D00EERREMTH 5.

HEHsab 1 Y E—2 2y TADRE

HAIFGRA =2y TR, BRETIERNEREL TV S, KEPHEEEICOVWTE, EERE
TH3. MOWENRIEZT 7V R8T IINVTRACHEDPITONTNE DT, 5 51DEDKERHIHE
BTHANTEA Y X =2y TEITVRVEEZ TV,

HHAZERIRY MCET 318

INFETDRRT 4 V=TT, 7—XoHehlLicBT 2 NEICDHATE 2. AT 4 7V —T
TREBRS Ze DTERVT =X EWS Ze W TE, BRELRE T2 2 LA TE . D 6 FRELIE b k)
BMEL, DZLDILEFATVELZVEEZTVS.

RR T AT A/ R=Yayh 7z £IF=EZBMAHER D OREMINICSME LTEL. BoHOAN
YLD EHTIEERER L R>TVWEDT, 5H%BME LTV DD THS.

tIF—, ARESAOBIMRR, HERKRRKR
AR TR, FBKERORESHREZT T OMFBERIANBNT 2 2 LA TEL. UTEZzOH
THHEHREZT R 072D DTH 5.
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1 Lyapunov Regularity for Planar Piecewise Expanding Maps, Forum “Math-for-Industry” 2022, &
2 &—, 2022.11

2 Observable Lyapunov irregular sets for planar piecewise expanding maps, T/)L 2 — R HEGIITESR,
[I98, 2023.12
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ZOMMOBEEY 35S
BHSEEDPOIRA + 747 ~ A/ XN=aryeIF—OMGEAERHEL LT, 511 M55 13 M2 R
LB L. 6 EEHMFFAEHD, I F—2HETZTETH 5.
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LI ZEHUA

A Study on Power Saving Control Techniques for Kramers—Kronig

PON System Using Adaptive Fast Fourier Transformation
K4 :LI ZEHUA (FEEHE AHEZ HiR)

1. Research Background

Digital coherent communication uses both the intensity and phase information of the optical
signal for signal modulation. This enables coherent communications to provide higher data
transmission capacity. However, in order to detect the phase information of the signal, the receiver
needs the local oscillator light source and more photodiodes. This results in high power consumption
of coherent communication systems. To achieve coherent communication at low cost, a direct
detection optical receiver utilizing the Kramers-Kronig (KK) relationship is proposed as a method
that can recover the quadrature amplitude modulated signal light field after direct detection.
However, the traditional KK algorithm is based on time-domain signal processing and shows lack
of adaptivity when applied in transmission systems like passive optical networks (PON). This causes
a waste of hardware resources, thereby increasing system power consumption.

In this study, we proposed a frequency-domain signal processing-based KK algorithm to
address the above issues of KK receiver. The proposed algorithm can dynamically adjust the
computational complexity according to the signal to noise ratio of the receiver. Using numerical
simulations, we compared the performances of the proposed algorithm with the conventional KK
algorithm.

2. KK Relation Based Direct Detection
The KK relationship connects the amplitude and phase of the transfer function as given in Eq
(1) and (2). Here, ¥1 and y2 represent real and imaginary parts of the transfer function. Using this
relation, phase of the electric field can be expressed using the intensity of the filed as in Eg. (3).
Here H denotes Hilbert Transform and In is natural logarithm operation. Using the calculated phase,
field of the received signal can be reconstructed as shown in Eq. (4)
X @=p 5T () x @ —tp[2 X4’ (2)
When the received light intensity is I(t), its phase can be expressed as o(t). H represents Hilbert
transform. The recovered optical electric field can be expressed as s(t).
e®=H[/IO] @  s®©={iOeplje®] ©@
A schematic of the studied system is shown in Fig.1. Block diagrams of two KK algorithms
studied in this research are presented in Fig.2. Simulation parameters are given in Table 1.
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Fig.1 Schematic of PON (Passive Optical Networks) System
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(b)

Fig.2 (a)Hilbert-KK Receiver (b)FFT-KK Receiver
Table.1 Simulation Parameter Settings

Symbol Rate [Gbaud] 25
Modulation Format 16QAM
RRC (Root Raised Cosine) Filter Roll- 0.01
off coefficient
Spectrum Shift Frequency [GHz] 25.1
CSPR [dB] 10
Transmission Distance [km] 0~20
PD Sensitivity [A/W] 1
Sampling Rate [sps] 4

3.Results and Discussion

Figure 3 shows the EVM values of the two receivers at different FIR (Finite Impulse Response)
taps and FFT (Fast Fourier Transform) sizes. Required number of adders and multipliers (per
sample) is for conventional KK algorithm (Hilbert-KK) are Ny/2 and Multipliers: N,/2 + 2
where Ny, is the number of FIR taps. For the proposed algorithm, the required number of adders
and multipliers (N samples in 25% overlapping rate) are 5N and 2+(5/3) N+3NIlog2N respectively.
Based on this, we evaluated FIR taps/FFT size and power consumption of two KK receivers at
different communication distances and results are presented in Fig.4.

FFT Size

Fig.3 EVM of Different FFT Size/FIR Taps Fig.4 FIR Taps/FFT Size and Power Consumption of Different Distance

We calculated the power consumption of the PON using both algorithms using the parameters
given in Table 1. When using the traditional algorithm, the power consumption is 67bit/pJ (the
average of 32 ONUs distributed in Rayleigh distribution within 20km). For the proposed algorithm,
the value becomes 10.68pJ/bit because we can adjust the size of the FFT according to the
transmission distance of the ONU. According to the FIR-Taps and FFT sizes at different distances
and different power consumption of the two receivers shown in Figures 4, the proposed FFT-KK
receiver can show power consumption advantages within a communication distance of 20
kilometers. This shows that 84.05% power can be saved in PON using the proposed algorithm.

4. Summary

In this study, we propose the KK algorithm based on frequency domain signal processing and
compare its performance with traditional algorithms for time domain processing. Through
numerical simulation, we confirm that the proposed KK algorithm based on FFT can save 84.05%
DSP power consumption compared with the conventional KK algorithm when applied in PON.
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Research on using mathematical tools to achieve low power consumption
coherent communication in FSO communication

Research Background

At present, Free Space Optical (FSO) communication is already regarded as a technology with
great potential, especially in applications that require rapid deployment of high-speed
communication links. As technology advances and new solutions are developed, FSO
communications are expected to play an increasingly important role in future communications

networks. The structure of FSO communication is shown as Fig.1.
Fig.1 Free Space Communication Structure

Compared with terrestrial optical fiber communication systems, FSO systems launched into
space cannot directly obtain power through cables. Therefore, the FSO communication system is
more sensitive to power consumption and the weight of the communication system than traditional
optical fiber communication. At the same time, the design and optimization of FSO communication
systems are extremely complex and involve many key technical aspects such as signal modulation,
coding, emission, transmission, reception and demodulation. Each link has a variety of technical
solutions to choose from, such as the diversity of modulation methods (direct modulation, external
modulation), coding strategies (coding gain, error correction capability), selection of light sources
(laser type, optical emission power), Detection technology (direct detection, coherent detection) and
signal recovery and enhancement methods, etc. Although each technical solution has its unique
advantages and application conditions, different communication application scenarios have
different performance requirements, and it is necessary to select the most appropriate technical
combination solution based on specific performance requirements and changing atmospheric
environmental conditions. Therefore, there is still a lot of research worthy of future system
optimization of FSO communications.

Currently, Homodyne BPSK is the preferred candidate for inter-satellite optical
communication links due to its increased sensitivity for both communication and tracking. It also
provides complete immunity to solar background noise and interference[). However, the
communication capacity of BPSK is greatly limited. To achieve higher communication capacity,
coherent modulation schemes have attracted great interest. However, due to the more complex
system design at the transmitter and receiver levels, and due to the deflection effect of atmospheric
turbulence on the beam, it is difficult for the beam and local oscillator light source received by the
receiver to achieve same-frequency detection or different detection like in optical fiber
communications. Frequency detection. The cost of implementing FSO systems based on coherent
communication is high [2). Therefore, new solutions are currently needed to achieve high-capacity
FSO coherent communications at lower costs.

For now, a research team has proposed a FSO-coherent communication using a Kramers-
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Kronig (KK) receiver [3]. The results show that the transmission performance of the KK transceiver-
based system is comparable to that of the coherent transceiver-based system, but the system cost
and complexity are much lower. In the absence of atmospheric turbulence, coherent receivers have
a performance advantage of approximately 3 dB over KK receivers. However, in cases of strong air
turbulence, this performance advantage is negligible.

The Shanghai Fudan University team implemented 10Gbaud PS-4096QAM-OFDM
transmission based on KK detection on a 25-meter FSO link in a complete atmospheric environment
through a training iteration plan 4], confirming the application value of KK receivers in FSO
coherent communications.

A team from the University of Arizona in Tucson, Arizona, USA proposed an eight-state FSO
system based on the KK schemers]. Systematically simple and extremely low-cost secure
communication is achieved in both weak and moderate atmospheric turbulence states, ultimately
achieving a total SKR (Key Generation Rate) of 2.1 Gb/s.

The above research cases show that KK receivers or other forms of mathematical tools are of
great help to FSO communications. However, on the one hand, the traditional Hilbert-KK algorithm
lacks flexibility, thus causing a waste of power consumption when restoring the optical electric field
6] ~ [8]. This will not only increase the communication power consumption of the satellite, but also
increase the weight of the satellite. On the other hand, there are so many technologies to choose
from in FSO communications that it is difficult to choose the most suitable technology combination.
In view of my dual background in mathematics and optical communication and based on my
master's degree research, my doctoral research proposed to use FFT-KK to achieve low-cost FSO
coherent communication and develop an FSO performance evaluation function and use this function
to evaluate FSO coherent communication. Technical selection and parameter settings for
performance testing. The FFT-KK algorithm proposed in the master's degree is very suitable for
FSO communication systems that are more sensitive to power consumption and weight. While
implementing the application of this algorithm, the evaluation function will be used to optimize its
parameter settings, thereby ultimately achieving low-cost FSO coherent communication.

The performance evaluation function will be based on mathematical modeling and
optimization theory, comprehensively considering the performance indicators and mutual impacts
of each technology selection in the FSO communication system, including but not limited to signal
attenuation, dispersion, nonlinear effects, signal-to-noise ratio, bit error rate, etc. Key performance
parameters. Through the mathematical description and analysis of these parameters, and considering
their specific effects in different communication scenarios, this research aims to construct a
mathematical framework that can comprehensively evaluate system performance and use this
framework to guide the selection and combination of technical solutions to achieve The optimal
balance between performance and cost [9].

This research will use advanced mathematical tools and optimization algorithms, such as multi-
objective optimization, genetic algorithm, particle swarm optimization, etc., to find the best
combination of technologies. In addition, the research will test and verify the effectiveness and
practicality of the proposed performance evaluation function through simulation models and
possible experimental verification.

2. Research objectives

This research aims to achieve low-cost FSO coherent communication using existing and
proposed mathematical tools. The first is to use the theoretical results obtained during the master's
degree to develop a highly flexible and low- power-consumption FSO coherent communication
solution based on the FFT-KK algorithm. Subsequently, a set of comprehensive performance
evaluation functions will be created to evaluate and optimize the performance and cost of the FSO
communication technology portfolio. Finally, the effectiveness of the proposed scheme is verified
through simulation and experiments, providing a theoretical and practical basis for the realization
of a low-cost FSO coherent communication system.
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3. Research methods

This research will first optimize the FFT-KK algorithm based on the characteristics of the FSO
system to enhance its adaptability and computational efficiency under complex atmospheric
conditions and reduce power consumption. Research will be conducted through algorithm
simulation, optimization and testing, considering performance under different atmospheric
turbulence models. Subsequently, in the development of the performance evaluation function, a set
of comprehensive evaluation functions were developed based on the key performance indicators of
the optical communication system (such as signal-to-noise ratio, bit error rate, etc.) and system cost.
This function will comprehensively consider the performance impact and cost-effectiveness of
technical solutions and support the selection and optimization of technical solutions in different
application scenarios. Finally, system simulation and experimental verification of the overall FSO
coherent system are carried out. The developed FFT-KK algorithm and performance evaluation
function are used to construct a simulation model of the FSO communication system. Through
simulation experiments, the performance and cost-effectiveness of different technical solutions are
analyzed to further optimize the system design. Finally, low-cost FSO coherent communication is
achieved with the help of two mathematical tools.

4.Schedule

Year 1: Publish journal papers based on the research results obtained during the master's degree.
Then a literature review was conducted on the research content during the doctoral period, a
performance evaluation model was initially established, and basic simulation experiments were
started.

Year 2: In-depth model and algorithm development, conduct extensive simulation experiments,
optimize models and algorithms, and expand the scale of experiments.

Year 3: Complete experimental verification, summarize research results, write and submit a doctoral
thesis.
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Abstract

Bitcoin is growing its attention as a cryptocurrency. Recognizing the importance of accurately
forecasting financial asset volatility for risk management and trading strategies, the research
delves into the potential of blockchain transaction patterns, specifically chainlets, as a novel
metric for enhancing volatility predictions. We used heterogeneous autoregressive realized
volatility (HAR-RV) models with chainlet information to clarify the predictive power of
chainlets for the Bitcoin realized volatility. We showed that incorporating chainlets
significantly enhances the prediction accuracy of the realized volatility of Bitcoin. Key
findings reveal a negative correlation between left extreme and relay chainlets with the
realized volatility, while sweep and distribution chainlets show no significant impact. These
findings offer valuable implications for enhancing risk management strategies and refining

option pricing models.
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